9 Straight-line fitting with errors in both variables

Background information and model: We measure data points (Zp;,ym:), where both
quantities are independently measured. For example, xy,; could be the measured value of a
magnetic field and yy,; would be the the corresponding Hall voltage. The special situation
considered here is that both quantities have an additive error, i.e.

Tmi = T+ €
Ymi = Yi+ N0
We consider the case where a linear functional relationship exists between the exact values

y; and x;. Therefore,
Yi = ax; + (58)

is considered to be a valid model for the measured data with parameters « and § indepen-
dent of the measured data point. The probability distributions for ¢; and 7; are given by
normal distributions

pdf(e;|loz)de; = N(e;0,0,)de;

pdf(n;loy)dn; = N(n:;0,0y)dn;.

An example dataset is shown in Fig. 52.

A different view of the same problem. We now follow Gull” in looking at the same
problem from a different angle, which highlights the symmetry between the z- and y-values.
Suppose we consider dimensionless quantities

’ T; — X0
ZL'Z' =
Ty
Y=Y
yi - )
Ty

where xo and yg are location parameters and 7, > 0 and r, > 0 are scale parameters. The
functional relationship (58) between z and y} can then be written as

ryYs + Yo = araay 4+ o) + 5.

Identifying
r
a=+-+< and B=yy— axg
Tx

"Stephen F. Gull, Bayesian Data Analysis: Straight-line Fitting in: Maximum Entropy and Bayesian Me-
thods, J. Skilling (ed.), (Kluwer Academic Publishers, Dordrecht, 1988), pp. 53-74.
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Abbildung 52: Data with errors in both variables. The goal is to find a straight line fit
taking the errors in both variables into account. For this data, o, = 0.5 and
oy = 0.8 are known.

we find the line with slope one (or minus one)
y; = .

We may therefore say, instead of looking for a slope parameter o and an intersection pa-
rameter 3, we look for location parameters xg,yo and scale parameters r,,r, that would
transform our data to a line of slope one (or —1, if & < 0) extending in 2} and y, symme-
trically around the origin. The error variables ¢; and 7; transform according to

€ i
€, = — and 77; = —.
Ty Ty

Correspondingly, their distribution functions are

pdf(e;) = N'(€;;0,07,) and  pdf(n;) = N(n;;0,07)

103



with

Oy o
o, =-—" and o, ="
Ty Ty
and the measured data are
Tmi — Z0 / / Ymi — Yo / /
—— =2x;+¢ and —— =y, +71;.
Ty Ty

The likelihood function. We further assume the two uncertainties 1} and €; to be stati-
stically independent and obtain the joint distribution

pdf(e;, mjlog, o )dejdn; = N(ei; 0,0,)N (nj; 0, oy ) dejdn.

As a result we have the samping distribution for N data points

pdf({xmla yml}|{$l}7 L0,Y0, Tz, Ty, O-,xa OJ )demdNym
Y

AN i d™ Ymi T3 Tmi — Lo Ymi — Yo
- L (P ()
_ AN 2 d™ Y exp [_1 (vazl(xmz‘ —2)% N (Ymi — yo — ry(xi — xo)/rm)2>>] |

(2mas,oprary)N 05> 0y

This likelihood function contains the N parameters x; as so-called nuisance parameters.® In
addition, we have replaced the original two parameters « and [ by four new parameters z,
Yo, Tz, and 7y, which may seem a bit awkward at a first glance. However, we will see below
that this allows a formulation of the problem that is symmetric under the exchange of z
and y, a symmetry that naturally appears in the problem, because it is usually arbitrary,
which of the two measured quantities we call x and which y.

Prior distributions. In order to make further progress, we need a prior distribution func-
tion for the N + 4 parameters

Pdf({l'z}, Zo, Y0, Tz, Ty) = pdf(an Yo, Tz, Ty)pdf({xl}|x07 Yo, Tz, ry)'

We choose
pdf(zo,y0,In7g,Inry) o< drodyod(Inry)d(Inry),

8Nuisance parameters are parameters of a model that are not of immediate interest in the analysis. Here
we are aiming at the determination of o and . The true positions x; are not of interest to us.
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which is a completely uninformative prior for the location parameters xg and yg, and for
the scale parameters 7, > 0 and r, > 0. For the latter, a uniform distribution in the
logarithm ensures that these quantities are positive. Such a prior is called Jeffreys prior.”

For the remaining prior, we use the product of gaussians

N
pdf({zi}‘$07y07rl‘7ry) = HN(JJi;(L’O,Tx) -
i=1

1 1Y (@i - wo)2]

(a7 [2

Note that this prior is completely symmetric in z and y, since our choice of parameters
ensures that (z; —20) /72 = (Yi—yo)/ry. It therefore conforms with our aim of a formulation
of the problem symmetric under the exchange of xz and y.

It is a general property of models with nuisance parameters, that a prior distribution
needs to be specified, which will influence the final result. Only this prior allows us to
marginalize the nuisance parameters later on. The choice of a gaussian prior in our specific
case is less a matter of necessity, but of convenience. We will see that it later allows an
analytic marginalization of the nuisance parameters.

Joint distribution. We can now write down the joint distribution function for data and
parameters as

pdf({xmla yml}a {xl}a Z0o, Yo, In Tz, In Ty|U£E7 Uy)

1
B (8773033057":%)]\7/2
1 )2 e — (s — 2 2
X exp | —— (x i 2«%) + (ymz Yo Tygxz xO)/rx) 4 (xz 2$0) '
2 — oz logy rs

Integrating out the nuisance parameters x;. In the next step we integrate out the nui-
sance parameters z;. This multidimensional integral separates into N integrals of the form

1 (2. — )2 )2
’I“x/dl‘; exp [_2 <(xmz ,2'%'1,) + (ymz /2.%'1) +$;2
T

g, g

y
V2roLoyrs

= X exp
72 72 12 12
\/ax +o," +o oy

(140! 2):6/ 2 22! oyl + (1 + 0;2)3/;112-2

Yy ms

72 72 12 12
2(0h" + 0y +0h70,7)

)

9Sir Harold Jeffreys suggested the use of this prior for (positive) scale parameters in his book Theory of
Probability.
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where the exponent is a quadratic form of xg and yg. The result of the N-fold integration
is therefore the joint distribution for the data and the 4 remaining parameters

pdf({.’l‘m“ ym2}7 Zo, Yo, hl Tz, ln Ty|0'x, Uy)

N/2
~ \ 4x2 (r%amz +rio,? + 0$20y2)

Ei\il [(TZ + O-yQ)(-rmi — $0)2 - 27ﬁ:}c7ﬂy(xmz’ - xO)(ymz - yO) + (T% + UxZ)(ymi - yO)Q]

Xexp | —
24 2 25 2 24 2
2(rgo® + rioy? + 0i20y?)

which is a bivariate gaussian distribution for xy and yy. Note also the symmetry of the
joint distribution with respect of an exchange of x and y.
Sufficient statistics. The sum in the numerator of the exponent can be transformed into

sample averages giving

pdf<{xmla ymi}: o, Yo, Inrg,In Ty‘0—$7 Uy)

N/2
An? (r20,% + 1202 + 0,%0,%)

N (rz + 0y?) (@0 — Tmi)? — 2727y (20 — i) (Yo — Yma) + (72 + 027) (Yo — ym)2]

X exp |——
2 2 22 22
[ 2 ry0z” + 1r50y° + 0z70y

X ex N (T‘Z + 02 )Var(am;) — 2ryry \/Var(xmi)Var(ymi)p + (72 + 042) Var(ym;)
P17 r2o.? +rioy? 4 0,20, '

We see that the quantities T, Umi, Var(zm;), Var(ymi), and p are a sufficient statistic for
the problem, like in standard linear regression where errors are only in y.

We note here that the exponent of the first exponential factor can be expressed as

N [ xg—Tmg 1 rg + 05 —TgTy T0 — Trmi
o — 2, 2 —
2 \ Y= VYmi ) rio?+rio? 40,202\ —rary 1z to0y Yo — Ymi )

-~

=M

where det(M) = 1.
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Posterior distribution and estimates of the shift parameters. The posterior distribution
for zo,yo, 72,7y given the data is then

pdf({]}‘07 Yo, 111 Tz, hl Ty|{xmi7 ymz}> Oz, Uy)

2 _2 2 _ 2 2 _2
g + 1oy + 0y O'y)

% exp [_N (r2 + 0y?) (@0 — Tmi)? — 2727y (20 — i) (Yo — Yma) + (72 + 027) (Yo — ymy]

2 2

Ty

022 + 1202 + 0,20y

2

Ty

. N (TZ + 02 )Var(am;) — 2ryry \/Var(:cmi)\/ar(ymi)p + (r2 4 0.2)Var(ymi)
P 0.2 +120y% + 0,202 '

From this posterior we find the estimates for zy and yy with their uncertainties

(x0) = Ty and (Y0) = Uma
0:% + r:% o2 412
(Acg) =TT and (Agy =

Note that the estimates taken to be the mean values of xy and yy calculated with the
posterior distribution are at the same time maximizing the posterior distribution for any
values of r, and r,. These estimates allow us to plot the shifted data as shown in Fig. 53.
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Abbildung 53: Data shifted by x¢ = Tmy; = 10.68 and yg = Jm; = 25.95.
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Estimating the scaling parameters. Integrating out zg and yy from the posterior distri-
bution gives

pdf(ln Tz, In Ty’{xmia ymi}; Oz, Uy)

2 _ 2 2 _ 2 2 2
yOz +r.0y" + 0y O'y)

« N (7“2 + Uy2)Var(xmi) — 211y \/Var(xmi)Var(ymi)p + (r 4 02%)Var (ymi)
exp | ——

o (r N2

r%aﬁ +r2oy? + 0,20,

We see here that Var(xy,;) and Var(ym;) appear as natural scales of the problem. If we
introduce

/ Tz / Ty / Ox / Oy
r = = g = g, =
v / Var(zpm;) Y v/ Var(ym;) v \/\m Y v/ Var(ym;)
we obtain

pdf(In 7y, 7y, {Zmi, Ymi}, 05, o)

—N/2
12 2 12 72 12 12
oc(ry oy 10, + 0, O'y)

2 12 W ’2 ’2

E(TZ/ +0y,7) = 2ryryp + (1" 4+ 037)
X exp _2 72 /2+/2/2+ 12 12
ry oyt oyt + ooy

We may now estimate the parameters r/, and 7“; from the negative logarithm of this posterior
function numerically. The example for our data is shown in Fig. 54. We may check our result
by calculating the corresponding estimates for r, and r,. The data can then be plotted in
the scaled coordinates as shown in Fig. 55.

Estimating the slope o of the data. Changing variables to o’ = ry /r, and R = /7],
gives

R/
r = and 1 = R'Vd.
T /7&/ Y

It leads to

pdf(Ina’,In B |{Zmi, Ymi}, oh, ‘72,)
;2 /2> —N/2

x (R'za'U;Z + R,20;2/O/ +o0, 0y
N R?a/* —2R?po + (012 + 0;2)0/ + R

12 12 1 2 12 12\ 1 2 12
2 RF0L”+ (o) 0,7 )d + oy,

X exp

The minimum of the negative logarithm of this function shown in Fig. 56 is a direct way
to estimate o’ and its uncertainty.
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Abbildung 54: Logarithm of the posterior distribution for r, and r,. The minimum of this
function is at 7}, = rj, = 0.95. The red contour line at the value 1 may be

used for estimating the standard errors in these quantities.

Estimating the intercept parameter 5. The quantity § may now be estimated via the
relation 8 = yg — axg to be
B = Ymi — Qi

In principle, the uncertainty of the b-estimate would need to be calculated from the posterior
distribution for xg, yg and «. The integration over zg and gy can be performed analytically

and gives

2 2 2
9 o, +a‘o
<A/B >IO,?JO = N -

As a shortcut we may use, instead of the numerical integration, using Gauss’ error propa-

gation law

2 2 2

0l + iy o

v NeSt i +xmi2(Aa2).

(Ap?) =
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Abbildung 55: The original data shifted by (xo,yo) and scaled by the estimated r, and 7.

The red line corresponds to the diagonal along which the data are expected

to be scattered.
Eventually we show the final result of the original data,

The final result of the fit.
together with the fitted line determined above in Fig. 57.
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Abbildung 56: Negative logarithm of the posterior distribution for o/ and R’. The minimum
in this figure is found at o/ = 0.996 and R’ = 0.971. Together with the data
variance Var(zmi) = 30.57 and Var(ym;) = 127.00 this gives an estimate of
the slope a = 2.03. The red contour line may be used to estimate the errors
in the two quantities graphically. We find from the two vertical dashed lines
o = 0.996 £ 0.075 translating into o = 2.03 £ 0.15.
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Abbildung 57: Final result of the fit to data with errors in z and y. The solid red line
represents the fit with a = 2.03 and 5 = 4.3. The error in § is AS = 1.6.
The red dashed lines have slopes a + Aa = 2.03 + 0.15 and 5 = 4.3. The
blue dashed line represents the ‘true’ curve y = 2z + 5 from which the data
have been generated.
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